MARTINGALES IN A +-FINITE MEASURE SPACE
INDEXED BY DIRECTED SETS(%)

BY
Y. S. CHOW(?)

Introduction. Martingale theory for a linearly ordered index set in a finite
measure space has been systematically discussed by Doob [4]. As convergence
theory and system theory are the two main topics in martingale theory,
Helms [6] has extended Doob’s results on mean convergence to martingales
in a finite measure space, indexed by directed sets, and Krickeberg [8; 9]
extended the results of pointwise convergence and stochastic convergence to
martingales in a o-finite measure space, indexed by directed sets. Krickeberg
uses measure algebra and lattice theoretic methods, and in [8] makes the
assumption in pointwise convergence that the martingales have some cover-
ing property, which is called V, in his paper. Dieudonné [3] has given a
martingale which is not pointwise convergent and has non-negative, bounded
functions in a finite measure space, indexed by a countable directed set.
Therefore, some additional conditions like Krickeberg’s V, to the usual ones
seem to be necessary for pointwise convergence. However, the condition V,
is too weak to be the only additional condition needed for pointwise con-
vergence of martingales indexed by noncountable directed sets. Some condi-
tions such as terminal separability are needed.

For the system theory, Bochner [2] has given some extensions to martin-
gales indexed by directed sets, but without proofs. Some of his results are, un-
fortunately, not true. Snell [14] has defined regularity (which is closely
related to system theorems) of martingales in a finite measure space, indexed
by positive integers, and has given some sufficient conditions. He has not dis-
cussed the necessary conditions, nor the relation between regularity and the
system theorems.

In this paper, §1 gives preliminary definitions and notation. §2 is devoted
to the definition of conditional expectation in a ¢-finite measure space W,
and §3 to that of martingales indexed by directed sets in W as well as to in-
dividual system theorems and inequalities. In §4, a general pointwise con-
vergence: theorem is proved, and a new kind of convergence theorem, based
on a differentiation theorem of interval functions [13, p. 192] is given. We
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give three Vitali conditions; one of them is the same as Krickeberg's and
another one is strong enough to guarantee the pointwise convergence of
martingales under the usual conditions. §5 is devoted to the differentiation
theory of an interval function in a Euclidean space. In that section the usual
Lebesgue theorem is proved as an application of previous convergence theo-
rems. An extension of Andersen and Jessen’s result [1] on countably additive
set functions to finitely additive set functions is given in §7.

1. Definitions and notation. In the following (W, §, u) will be a fixed
g-finite measure space, where W is an abstract set with points w, § is a
g-algebra of subsets of W, u is a g-finite complete measure on W. A function
will be extended real valued, if we do not mention the range explicitly. If x
is a function defined on a subset W’ of W, max(x, 0) and max(—x, 0) will be
respectively denoted by x* and x~. The integral [yxdu will be shortened to
Jvx, if no confusion arises.

If @ is a family of sets, we will use the terms ®-sets, @-measurable, and
®-functions respectively for sets belonging to ®, measurable with respect to
®, and functions being @-measurable. An {-set is called a null set if it is of
measure 0. The empty set is denoted by &. ®(®) will be the o-algebra gener-
ated by @, i.e., the smallest o-algebra containing ®.

Let x be an F-function defined on a subset W’ of W, and ® be a family
of F-sets containing W’. If either [yx* or [yx— defines a o-finite measure on
® in W', then «x is said to be g-integrable on & in W’. If x is g-integrable on
& in W, we will just say that x is o-integrable. If [w.x* or [w:x~ is finite, x
is said to be integrable in W’. If x is integrable in W, we will just say x is
integrable. Replacing “or” by “and” in the above two definitions, we will
have the definitions for ¥ to be s-summable and summable respectively. If
x is integrable, we will write E(x) = [wx.

If f is a function defined in W C W with the range R’, the set
“{a: x(w) ERR'}” will be denoted by {xER} . The set of all positive integers
is denoted by N, and 0- « will be defined as 0. “Countable” will mean de-
numerable or finite. Let 4 and B be two sets. ¥4 —B” and “x4” will mean
respectively A —A B and the characteristic function of 4. g will be the outer
measure induced by u. It is easy to prove that:

LeMMA 1.1. Let & be an algebra of §-sets. If x and y are a-integrable on ©,
then there exists a sequence UyC UsC UsC - - - of @-sets such that lim U,=W
and both x and y are integrable in each U,. If x and y are o-integrable, o-sum-
mable, or summable on ®, so is max(x, ).

Let & be an algebra of {-sets. A @-set of positive measure is said to be a
®-atom if u(4 — U) =0 for every @-set UCA of positive measure. Two atoms
A and A’ are considered to be the same if u(4 —A4')+u(4’—A4)=0.

2. Conditional expectations.

DerINITION 2.1. Let & be a o-algebra of §-sets. If the restriction of u to
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B is o-finite, then @ is said to be o-finite.

Let x be o-integrable on a o-finite o-algebra @ of F-sets, and let
UyCU,CU;C - -+ be a sequence of ®-sets such that lim U,=W and x
is integrable in each U,. Let §,=(V: VE€®, VCU,). Then @, is a s-algebra.
By the Radon-Nikodym theorem [5; p. 131], there exists a @,-measurable
function x, (which may have value + «) in U, such that, for every @,-set V,

(2.1) fvx=fvx,,.

For w& Uy — Ui_;, where Uy= &, define
(2.2) E(xl ®)(w) = x(w).

Evidently, E(xl@)) is @-measurable and for every ®-set V in which x is
integrable,

(2.3) fVE(xI(S)) =fvx.

Let y be any @-function satisfying (2.3), by replacing E(xl ®) by y. Then
y=E(x| ®) a.e. by the uniqueness of the Radon-Nikodym derivatives on
each U,. Thus, a ®-function E(x|®) is uniquely (up to an equivalence) de-
fined by (2.3). E(x| ®) is said to be the conditional expectation of x given ®.
An equivalent definition of E(xl ®) has been given in [7]. From the definition,
we have immediately:

COROLLARY 2.1. Let ® be a o-finite o-algebra of §-sets and let x and y be
a-integrable on ®. If there is a sequence UyC UsC UsC - - - of ®-sets such that
lim U,= W and both x and y are integrable in U,, and if for each U, and each
©-set VC Unfvx < [vy, then E(x|®) <E(y|©®) a.e.

Let x and y be o-integrable on a o-algebra of §F-sets. Then by following
the corresponding results of [4], we have:

(2.4) E(xl ®)20ae. if x=0ae; E(1]®)=1ae.;

(2.5) E(cx|®)=cE(x| ®) a.e. if ¢ is a real number;

(2.6) E+(x|®) <E(x*|®) and E-(x| ®) SE(x|©®) ae;

2.7 E(x+y| ®) =E(x| ®) +E(yl ®) a.e. if x*t and y* are o-summable, or
if x~ and y~ are g-summable.

(2.8) If y is a real-valued ®-function, then

E(zy| ®) = yE(z| ®) a.e.

(2.9) If (ya, N) is a sequence of F-functions such that lim y,=y a.e.,
and if x is o-summable on ® such that |y.| <x a.e. for every #, then,

lim E(y.| ®) = E(y| ®) a.e.
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(2.10) Let ®C®' be o-finite, g-algebras of §-sets and x o-integrable on
®. Then E(xl@') is o-integrable on ®. If, moreover, x is integrable, so is
E(x| ©).

(2.11) Let @C®’ be o-finite, o-algebras of F-sets and x o-integrable on
®. Then,

E(E(x| ®)| ®) = E(x| ®) = E(E(z| ®')] ©). a.e.

THEOREM 2.1. Let ® be a a-finite o-algebra of F-sets, x and y be o-summable
on ®, x be &-measurable, and g be a real-valued, continuous, convex function
on the real line such that gt(y) is o-summable on ©. If (i) x=E(y| ®) a.e., or
(ii) g is nondecreasing and x <E(y| ®) a.e., then g(x) éE(g(y)I ®) a.e.

Proof. Since g is continuous and convex, the right-hand side derivative
g% (#) of g at ¢ exists and is finite for every real ¢, and g4 is nondecreasing and

(2.12) 8¢) — g0) 2 £ — 1)
for every real . Therefore, g} (x) is ®-measurable. By Lemma 1.1, there
exist @-sets U1C U.C UsC - - - such that x, y and g’(y) are summable in

each U, and lim U,=W. Let V be a @-set and VC U,. Let x=E(y| ©) a.e.
For kEN, put Vi=V{ |gi(x)l <k}. Then g/ (x)(y—x) issummable in V; and

[ s@o-2=[ Betwo-l0)
(2.13) " b
- [ sw@Eolo -9 =0

Since g4 (x)(y—x) is summable in Vi, g(y) —g(x) is integrable in V; by (2.12),
and by (2.12) and (2.13)

(2.14) [¢() — g®)] 2 0.

Ve
If V={g(x)>0} U., then (2.14) implies that
) o) - g = [ e — g@)] 2 0.
Unlg (2)>0,l9’ +(z) | sk} Unlo(2)>0,1¢’ +(2) I sk}

Therefore,

°> [ gz £ ().
U, Upllg’ +(z)| sk}

n

Letting k—> o we have [y,gt(x) < ». By (2.14),

(2.15) kag@) > f e
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for every ®-set VC U,, where Vy= V{ | gQ.(x)l ék} . Letting k— «, we have
Jve(y) = fvg(x). Therefore, E(z(y)|®)ZE(g(x)| ®)=g(x) a.e., since g(x) is
®-measurable.

For (i), g(x) = g(E(yI ®)) §E(g(y)| ®) a.e. by (i). The proof is complete.

When g(y) is s-summable on @, Theorem 2.1 has been proved by Doob
[4; p. 295]. (2.9) can not be improved in the following sense. For the Lebesgue
measure on the interval [0, 1), and for any extended real number a =0, there
always exists a sequence of Lebesgue measurable functions (x,, N) such that
lim x,=0, x, 20, lim E(x,) =0, and

lim sup E(z.| ©) = q, lim inf E(x,| @) = 0, a.e. for some ©.
To see this, for any REN and k<4, we write k as
E= (G — D414 (G2 — D424 -+« + (Gpo1 — 1)4 + 4y,

where 4y, %3, - - -, 1.=1, 2, 3, 4. Put I, ;,...;,= [(B—1)/4~, k/4")], where
k=1,2,.---,4* n=1,2, - ... Let

Ur=1L\UI, U=, I,

Ur=I2UhL; UL ULy Us=I:\UL\U L\ L,

U: =T1\J 133\ J 141 \J Iy U: =TI J I\ JI40\J I,

U: =111 UT1,1,3\ V1130 \J 1133\ J T30\ I5,1,5\J I35,51\J I3,3,3,

UZ = Il,l,ZU11.1,4UIi.3,2UIl,3,4UI3,l,2U13,l,4UI3.3,2UI3,3.47 c e

Suppose that © is the algebra of sets generated by the U’s. For any given
extended real number a =0, take a sequence of real numbers (@,, N) such that
lim a,=a. Define (x,, N) as follows:

X1 = 2alXIu X = 202x127 X3 = 4(13X[1,1, Xy = 404X11,2, X5 = 4a§x{2.v
Xg = 406X’z.2) X7 = 8a7xl1.1.1’ Xg = 808)(11.1.2, tt

then lim x, =0 and lim E(x,) = 0. But lim sup E(x.| ®) = ¢ and lim inf E(x,| ®)
=0 a.e., since E(x1| ®) =axv}, E(le ®) =axxv}, E(x3]| ®) =asxv? E(x|©)
= axvl, E(x|®) = axxv?, E(x|®) = axv?, E(x|©) = arxvd, E(xs|®)
=08XUg, .

3. Martingales.

DeFINITION 3.1. A stochastic basis is a net (gs, A), where A is a directed
set and, for ever §, §; is a o-finite g-algebra of §-sets with s CFs for §>§'.
A stochastic process is a triple (x5, §s, A), where (§s, A) is a stochastic basis
and x; is Fs-measurable for each 8.

For a stochastic process (x;, A) we define

lim sup %3 = inf sup x4, liminf x5 = sup inf x4,
3 5 8728 s 5 8’23

where 6 and & €A. If no confusion arises, we will write
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% =limsupx; and % = liminf ;.
5 s

When %= %, we write lim x;=%.

DEFINITION 3.2. A stochastic process (x;, ) is said to be terminally separa-
ble, if there exists a countable cofinal subset A’ of A such that £=1lim sup;za %s
and Z£=lim inf;ea- x5 a.e.

DeFINITION 3.3. A function s defined on W with countable range A’ CA”,
where A’ is a directed set including A as a sub-directed set, is called a stopping
variable of a stochastic process (x5, §s, A) or a stochastic basis (§s, 4), if
{s <8} €gs and {s_%&} & §s for each 8. A stopping variable is called a sam-
pling variable if A’ CA. A net (s), A) of sampling variables is called a sampling
process if sx<s) a.e. for NS\,

It is easy to see that, if s is a stopping variable, all the sets {s =5},
{s>8}, {s<8}, {sxo}, {s28}; and {s% or £3}E: for each d€A.

Let s be a sampling variable of a stochastic process (xs, §s, A). We define
a new J-function x* on the set {s€EA} by

(3.1) a*(w) = xw)(0).

x* is sometimes denoted by x, also. If (s\, A) is a sampling process, and
(%, 4), we define

(3 . 2) x)\* = x,)‘.

THEOREM 3.1. Let (x5, §s, A) be a stochastic process, and (s\, A) be a sampling
process of (Fs, A). Let

(3.3) = &{V{snzs};0€ 4, VEF].
Then (x*, §x, A) is a stochastic process and
(3.4) F*=®{V{n=28};8€ 4,V E Fs.

Proof. Evidently we may assume that A is countable. For any real a
and any 8EA,

{x)‘* = a}{S)‘= 5} = {x8 Za, 8= 8} € 8.

Hence, {x}fZa, si=0}={x}za, =0}{n28} EF. Therefore, {2}2a}
€Y and xy is Fx-measurable.

To prove the Fx C Fx: for A <N, let VE§s. Then Vinzd} EFs Vinzd}
=V{n=3, s» 28} EFY, and therefore FXCFy.

To prove that F¥ is o-finite for each \, let the 4;,.'s be Fs-sets of finite
measures and Uy, 4;..= W for each 8. Then

W=U{nzs =UU{nzdsdsn.

sea 0EA nml
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Since p{sn=8}4;.< , §¥ is o-finite. Thus (x¥, F¥, A) is a stochastic proc-
€ss.

To prove (3.4), let § =®[V{sx=8}:8€A, VESF:]. Then V{s2s}
=Uyos V{ix=0}EFY, if VEF: Therefore, FrCF!. Now V{s=8}
=V{sn=9, x2d} EFr, if VEFs. Thus F¥ CF*¥. Hence Fr=F.

COROLLARY 3.1. Under the conditions of Theorem 3.1, if V*EGY then
V*{s5x=8} EF:s for each .

Proof. Let A= {4: AC§F, 4 {5»=08} € s for some §}. Then V{sn=5} ¥
for VEF; and if ACY, then W—ACHU. Let A1CA:CA3C - - - and 4,€9.
Then lim 4,E¥. Therefore, A = F¥.

DEFINITION 3.4. A stochastic process (x;, §s, A) is a semi-martingale if
x5 is o-integrable on every §y for each 6 and E(x;l &e) = x5 a.e. for &' <4. If,
moreover, for each 9, x; is o-summable on every s, x5 is integrable, or x; is
summable, then (x;, §s A) is said to be a o-summable, an integrable, or a
summable semi-martingale, respectively. If supsea §EA, the semi-martingale
(%3, s, A) is said to be closed. If the inequality is replaced by an equality, we
have the corresponding definitions for martingales.

THEOREM 3.2. Let (x5, s, A) and (s, Fs, A) be two semi-martingales, and let
zs=max(xs, ¥5). Then (25, §s, A) is a semi-martingale.

Proof. By Lemma 1.1, for each 8 €A, z; is o-integrable on §s, since x;
and y; are, and for each.- ' <8 there exists a sequence UyC U.CU;C - - -
of §s-sets such that x;, y; and 2; are integrable in each U, and lim U,=W.
Let V be an {sy-set and VC U, then

fzs' =f Yo + 77
14 V"j'il‘j" V(25:>y5,]

< f ¥s + %
V(Zalsvall V(831>115"

gf 25 + Za=fzs=fE(2al%s')-
Vizg sy} Vizg:>ygel 14 14

By Corollary 2.1, 25 =E(x;| ) a.e. if 8 <9, and (25, Fs, A) is a semimartin-
gale.
We have the following corollary immediately:

COROLLARY 3.2. If (xs, §s, A) is a semi-martingale, so is (x3, §s, A). If
(%5 T, A) is a martingale, then (| xs|, s, A) is a semi-martingale.

When (x5, s, 4) is o-summable, this corollary can also be obtained from
Theorem 2.1, since ¥t and lxl are continuous convex functions of x and x*
is nondecreasing. In the following, N* and R will be the set of all integers and
rational numbers respectively.
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THEOREM 3.3. Let (x,., Fn, N*) be a semi-martingale and (s., N*) a sampling
process of (§n, N*). If for each n,

(3.5) % is o-integrable on every §i¥, and
(3.6) lim inf o =0
L ond ('n>k,

for each n, then (xx, §x, N*) is a semi-martingale.

When p(W) < © and (xa, §a, N) is a summable semi-martingale, Theorem
3.3 has been proved by Doob [4, p. 302]. By a slight modification, his proof
can be used to prove this theorem.

COROLLARY 3.3. Let (xn, Fn, N*) be a semi-martingale and (sn, N*) a
sampling process. If s. has only finitely many values for each n, and x\ is
a-summable for every n on every §. or x~ is o-summable for every n on every T,
then (x¥, Ga, N*) is a semi-martingale.

LemmA 3.1. Let (x,, §r, R) be a semi-martingale such that x,=0, and for
every sampling variable s

3.7 lim sup %, < o,
T {a>r}

Then,

3.8) lim %, =0,
r {a>7}

If, moreover, E(x,) < » for each r, then E(x,) < « for every sampling variable s.

Proof. If (3.8) is false, there exist a positive d, a sampling variable s, and
a sequence 7, <r3<73< - - - of Rsuch that [(r;,,2s>r3%:>%d. Let 7’ >7'; then

(3.9)f X, = Z f x, < Z f x,~=f Xyrr.
{r''2e>r') r'<rsr’’ {am=r} r'<rsr’’ {s=r} (" 28>}

Therefore, [(ri;1z2s>ri) %reyy>1d. Define a sampling variable s’ by §'(w) =712
if ri1<s(w)Sriye, and '(w)=r; if s(w)<r. Then, kd<[irs,1zo>rs} Xran
= [(smrusal Xrpsre Thus, lim sup, [(y>n% 21im SUPkew [(s>rpsn) Xripn= ®, and
this contradicts (3.7). Hence, (3.8) holds. To prove the second part, we have
Jtesr) %= [tesr) %+ from (3.9), and then

E(x,) =f x, + %, < o,
{ssr) {s>7)

if 7 is large enough. The proof is complete.



262 Y. S. CHOW [November

LeEMMA 3.2. Let (xs, §n, N) be a semi-martingale and E(x, ) < » for each n.
Then E(x;) < o for every sampling variable s, if for every sampling variable s

(3.10) lim sup x','.' < oo,
{e>n}

Proof. For a given sampling variable s, put A, = {s=n} and 4./ = {s>#}.
By Lemma 3.1 and (3.10), we can take nE N and k€ N such that [4;, x}f <k
and [a, x} <k whenever i 2. Then, for j>n,

f xn=f xn+f xn_f xn+l+ Tnp1 S » * ¢
'n Ant1 Apt1 A A'nyr

n+1

sf_‘, x + x,éz(fx. fx)f
fm=n4-1 A; t=n41 A

i - ! + +
S| wms—| wmt+ 2 | s+ | %

t=nt1 A; Ay tmmnt1 Ag A’y

Therefore,

+

< f A | w | &
I” Aln A,j
Hence, f[,;,>,., x; S Ja, x5 +2Fk for every j>n. Thus, 4, x; <, and then

E(x;) < o, since [(gn) %, < Z,- Jwx, <.

LEMMA 3.3. Let (Xa, Fn, N) be a martingale and x be o-summable on F.
Suppose that s is a sampling variable of (Fn, N) and

(3.11) lim % = 0.
n {s>n}
Then x| is o-summable on .

Proof. Take k€ N so large such that [{,>xx <1. By Lemma 1.1, there
are Fr-sets U1CU.CUs - - - such that lim U,=W and all the x.s, 1 Sk, are
integrable and x; is summable in each U,. If 1 <k, then [y, x:=[v, x: < [uv, x
< . Therefore, x;" is also summable in U, for ¢ <k. Hence,

(3.12) f m“l ; f x; < o,

Hence, x;} is summable in U, and then ¢-summable on §i.

II/\

THEOREM 3.4. Let (55, A) be a sampling process of a martingale (x5, Fs, A)
and A" be a cofinal subset of A. Suppose that
(3.13) for each \, x} is o-integrable on every F¥:, N EA, and
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(3.14) for each countable subset A'=(8,, n=1, 2, 3---) of A" with

81<8:<8;< - - -, and every sampling variable s' of (§s, A'),
lim sup | xa,,| < ©
n—o (t'>6,.]
and
lim inf | x5, | =0,
n— o0 (.;>5”’
or

(3.14)" each s\ has only finitely many values. Then (x¥, §r, A) is a martin-
gale.

Proof. Let \, N €A and A<N. By (3.13), x} and x: are g-integrable on F¥,
there are §¥-sets UsC UsC UsC - - - such that lim U,= W and both x¥ and
x}: are integrable in every U,, by Lemma 1.1. To prove E(x’)'fl ) =¥ a.e.,
we need only to prove that, by Corollary 2.1, for each U, and each §x-set

UCUYH
JA- 7
X = X\
U U

Since s) has only countably many values and both xy and x}- are integrable
in U, it suffices to prove that, for V=U{s\ =8},

* *
X = X\,
14 v

Let all the values & of s\ satisfying 6’ >0 be the set (8., N’), where
N'=(1, 2,3, -) is finite or infinite. Then (3.16) is equivalent to

(3.17) f x5 = D, xs,.
14 neN’ J V{s\'=8,}

Let 8/ 26, and 8{ €A”, and when the first j indices §{ <6/ S - - - 8/,
JEN’, have been defined, we denote by 6/, any index of & of A”” such that
0>6/ and 8>, if j+1EN’, and stop the induction if j+1&N’. Then we
have a subset (8, , N’) of A” such that §<8{ <8/ < - - - and §,<3d, for each
neN'.

Let #n,=1 and ;4. be the smallest j& N’ such that 6/ > 6, if there is one,
for k=1,2,3, - - - (finite or infinite), and stop the induction if else. For each
k let 8;,=0{’ and let the set of &"’s be (8/’, N""), where N""=(1,2,3,---)
(finite or infinite). Then N”CN’, 6§<8{' <8/’ < - - -, and &/’ 28/ 29; for
J <My

Define s'(w)=36. If s»(w)Zd, and s'(w)=06{" if sy (w)=4;, for jEN,
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e =j <migr. (If #i4a is not defined, nx <j <myyy is interpreted as 7; <j.) Then
s" is defined on W, and {s'=6{' } €§s, for each k and {s' =8} EF;. Therefore,
s’ is & sampling variable of (8, 6{’, 63’, 6{’, - - - ) and s’ > 8. Each of (3.14)
and (3.14)’ implies that x, is s-integrable on §; by Lemmas 3.1 and 3.2. From
Theorem 3.3, [yxs=[vxs. Hence,

Z X5; = E Z Xs;

JEN' Vis\'=3$;) k  JEN'npsj<nit) vV V{eN'=3;}

=2 X T,

k JEN' npsi<nisr ¥ View=s;)

-Zf  w-% =[50 =[s
k Vie'=5'"} k Vis'=d'"g) 14 |4

Thus (3.17) is true and (¥, §¥, A) is a martingale.

THEOREM 3.5. Let (x5, §s, A) be a martingale, and (s\, A) be a sampling
process. If each s\ has only finitely many values and, for each 8, xi is o-sum-
mable on every Fy, 8 EA, then each x¥ is o-summable on every Fr:, N EA, and
therefore (xx, Fr, A) is a martingale.

Proof. By Theorem 3.4 we need only to prove that x}* is ¢-summable on
every 3y, for VEA. Let &, - - -, 6 be the values of sy and &{, - - -, & be
those of sy. Since x7, - - -, xif are s-summable on §;, for i=1, - - -, ¥'. By
Lemma 1.1 there exist §s-sets U;1CU;2CU;,sC - - - such that lim, U;,»
=W, fori=1, - - -, ¥, and all the x, j=1, - - - , k, are summable in every

U;,». Hence, x,*): is summable in every U; .. Now

14 k! o
W = U {S)\'=5,!} = U U {S)v =5.~'}U.',,..

fom] =1 n=l
Let V.=UZ, {sr=8! } Ui,ny then V,EF; lim V,=W; and x; is summable
in every V,, since it is summable in every U;,,. Therefore, x}* is o-summable
on each §¥.

Similar results of Theorems 3.4 and 3.5 for semi-martingales are stated in

a recent paper of Bochner [2], but, unfortunately, they are not true. For
example, let W= [01 1), =W, ¢), %2’:&[[0’ 1/2), [1/2’ 1)]v o =8e=s,
and let p be the Lebesgue measure on W. Define x; =0, xz(w) =1, if wE€ [0, 1/2)
and x,(w)=—1 if w€[1/2, 1); x9 = —x,: and x3=1. Then (x;, Fs, 4) is a
summable semi-martingale where A= (1, 2, 2/, 3) and the order “<” of A
is defined by 1<2<3 and 1<2’<3. Define s;=1; s;(w) =2 for w€[1/2, 1),
and sy(w) =2’ for w€ [0, 1/2). Then s; and s, are sampling variables and
51 <sz. But «F and x§ do not form a semi-martingale since

E(x{¥) = 0> — 1 = E(x).
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THEOREM 3.6. Let (xn, Tn, k=n=1) be an integrable semi-martingale and
let A= {max X, >a, kgngl} and B= {min 1Zq, kgngl} where o is real
and 1=1. Then

(3.18) fmzwux
A
(3.19) ka gfxl.
A A
If, moreover, E(x:) is finite, then
(3.20) au(B) = E(x)) — f 2.
W—-B
Proof. Since
f *n S f o < E(%) X,
(3.21) {zx>0} {z>0} {z>0}

f Xn § f Xk
{z1>a) {zi>a}

Let B be a real number and define y,=max(x., 8). Then (¥, Fn, k=n=1)
is an integrable semi-martingale. Let Ag= {max Y>a, k=Zn gl} . Define
s(w) =n to be the smallest # such that y,(w) >a, IS5 <k, and s(w) =k if there
is no such #n. Then (y, ¥,) is an integrable semi-martingale. By (3.21),

fy1=f yxéf y.=fy.§f yk=fyk,
Ag {yg>a) {ys>a} Ap {y>a} 4p

¥ 2 au(4s), f wz|
Ag Ap Ap

therefore

Let B— — «, we have (3.18) and (3.19). To prove (3.20), let s(w) = be the
first # such that x.(w) Za, k=n2l, if ever; s(w) =k, if there is no such .
Then s is a sampling variable and s=1. Since E(x1) > — «, E(xa) > — » for
each 7, and then E(x;) < «. By Corollary 3.3, E(x,) = E(x;). Hence

k—1
au(B) + o= %, + a = E(x,) = E(x1).
W—-B nxzl {s=n) {s=k}

Thus the proof is complete.
Theorem 3.6 has been proved by Doob [4, p. 314] for the case u(W) < «,
I=1and (%a, Fn, k=n=1) is summable. It cannot be extended to martingales
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indexed by a directed set without more conditions. In fact, let W= [0, 1),
& =the class of Lebesgue measurable sets, and u=the Lebesgue measure in
W. Let A=(1, 2, 2/, 3) and the order “<” of A be defined by 1<2<3 and
1<2 <3 Put §=W, &), §=a[0 1/2), [1/2, 1], G
=a®&[[o, 1/3), [1/3, 1/6), [5/6, 1)], and Fs=&®(F\I§z). Define x;=1/2; and
x(w) =1if w€ [0, 1/2), =0 otherwise; x (w) =1 if w&[1/3, 5/6), =0 other-
wise; x3(w) =3 if wE€[1/3, 1/2), =0 otherwise. Then (x;, s, A) is a martin-
gale, but
p{maxx;%l,&EA} =5/6>f ¥3.
{maxzs21,5€4)

THEOREM 3.7. Let (xn, §n, N*) be a semi-martingale and s be a stopping

variable of (§n, N*). If supsen® E(|x.|) SK, then

f || = 3K.
{seN"}

Proof. Let &' (w) =%,w)(w) if s(w)EN*, and x'(w) =0 if s(w) EN*. Put
ss=min(s, #). Then lim %, X(sen*) =%" =%,X(;en*). In view of Fatou’s theorem,
it now suffices to prove that E(|x,,|) <3K for each n. For each kEEN* and
k=n, let sy =max(ss, k). Then si is a sampling variable and k<s{/ <#. Since

E(we) = X % < E@#) < K,

=k {8'pmj)
E(x,) = E(x) by Theorem 3.3. Hence
E(| #,|) = 2E(zt,) — E(2,) < 2K — E(z) < 3K.

Letting k—— o, E(|x,,|) <3K. Thus the proof is complete.

4. Convergence of martingales. For a net (x;, A) of F-functions the essen-
tial supremum, denoted by supjes x; =19, is defined to be the smallest (up to
an equivalence) §-function such that y=ux; a.e. for each 8€A, and inffe, x;
is defined similarly. As usual, we define

lim sup* x; = inf* sup* «;, lim inf* x; = sup* inf* ;.
€A [N 7% 4

The essential union Ujes K of a net of §-sets is defined to be the smallest
(up to an equivalence) §-set U such that K;C U a.e. for each §EA.

DEFINITION 4.1. A net of F-sets (Kj;, A) is called a (or an essential) fine
covering of a set 4 if K;&§; for each 8, and A CU;,5 K5 (or ACU;0 Ksace.)
for each &’. A stochastic basis (§s, A) is said to satisfy the Vitali condition V,
(or V3), if for each (or each essential) fine covering (K;, A) of a set A with
A(4) < o there exist §,€A and §s-sets L;CK;,, 1=1, 2, - - -, such that
g4 —-UL, L,)=0, and L,’s are disjoint up to a null set. If the above state-
ment holds only for §-sets 4, (T, Q) is said to satisfy the condition V.
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The condition Vg is the same as Krickeberg’'s “V,”. He [8] proves that
Vg is satisfied by every linearly ordered stochastic basis (§s, A). For Vs, and
even for Vj, this is not true. For example, let W be the interval [0, 1), § the
class of Lebesgue measurable sets in [0, 1), and u the Lebesgue measure. Let
A be the infinite interval [0, =), ordered by the magnitude, and §;=F for
every 8EA. Let K; contain only one point §— [8], where [8] is the integral
part of 8. Then (Kj;, A) is a fine covering of W. But there does not exist a
sequence (8., N) such that u(W—U K;,) =0. Therefore (§;, A) does not
have the property Vi, although A is linearly ordered. However, we have a
weaker version of his result as follows:

THEOREM 4.1. Let (§s, A) be a countable, linearly-ordered stochastic basis,
(K3, A) be a net of §-sets such that K;EFs for each 8, and A be a subset of W
with G(4) < . If ACUszs K a.e. for each &' and >0, then there exist §;CA
and disjoint §s;-sets L;CKs,, i=1, - - -, k, such that g(4 —Uf., L,) <e.

Proof. Write A as (8., A) and let K{ =K,,. For ¢>1, define K/ =Kj;
—Uj«: K}. Then (K., N) is a disjoint sequence of §-sets and A CU,en K/
a.e. Therefore, [S, p. 46], a(4)= DY o, G(AK.). Since a(4) < =, we can
choose ny&E N such that

ﬁ(A - U K,,,) = ﬁ( U AK,.’) = Y @(4K!) <e.
nsng n>ng n>ng
Let (8., n =no) be a permutation of (3., # =) such that Fsy CFsy C - - -
C%"ﬂo’ and let L,;=K;  and L,'=K5,~—U,'<,; L;, for 1>1. Then L;CKy,,
L€y, t=1, - - -, ny, L;'s are disjoint and g(4 —Ugn, L;) <e.

LEMMA 4.1. Let (x5, A) be a net of §-functions. Then there exists a countable
subset A’ of A such that

sup* x; = sup x,, inf* x5 = inf x5, a.e.
seA s€A A ar

This lemma is well known. In the following, we put £=1im supsea xs,
&=Ilim inf x;, *=1im supjes x5, and #*=1lim inf* x;.

LEMMA 4.2. Let (x5, A) be a net of G-functions. Then: (1) There exists a
countable subdirected set A’ of A such that

#* = lim sup %, i* = lim inf x; a.e.
seA’ seA’

(ii) If A has a countable cofinal subset, A’ may be chosen to be a cofinal sub-
set of A.

(iii) If A is linearly ordered, A’ may be chosen to be a simple subsequence of A.

(iv) If A is linearly ordered and has a countable cofinal subset, A’ may be
chosen to be a cofinal simple subsequence of A.
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Proof. We may assume that x;’s are uniformly bounded and u(W) < .
In fact, if this is not the case, we may consider x{ =arctan x; and u'(V)
=2 ¢ W(VVa)/14+u(Va))2~, instead of x; and u, where V, is a fixed se-
quence of disjoint -sets such that u(V,) < « for each # and Uy V,=W.

(i) Let (84, N) be any subset of A and (6,, N) a subset of A such that
&*=infa,1sup;2s, x5 and Z*=sup,;;inf};,;, x5 a.e. Choose 8/ and (8ya;
1=n=m) of A such that 6{ =26{’ and &;; 8;,,=6{ for 1 En=<m,, and

1
{sup x5>supxa,”+l} 5’

828"

1
u{ inf* x; < mf Xy, — 1} <—-
328" 2

Suppose that 8! and (0:,»; 1 =7 =n,) of A have been chosen. Then choose
8141 and (8;41,n; 1 S7Smip1) of A such that

8iv1 = diray Bigy, 8iay Bivy ¢ -+, and Bim,,
Sir1m Z ip1 for 1 S n < mayy;

1 1
sup® x5 > sup %54, + ——¢ < —
#{szst 7D B, +i+1} 2’

1 1
inf* « <1nfx n———}< .
”{aza’,ﬂ ! Y s

Clearly 8/’ <8/, 6,8/ £8;,,, 6;;=<0] <0,, for 1<s. Then

#* = inf sup*x; = inf sup* x;
n 525, n 820,

= lim sup*x; 2 lim sup w5, = lim sup* «,
n 8¢, i 13nSn; $S¥,

2 inf sup* x; = %* a.e.
d’'eA 528

Let A’=(6;,j; 4€EN, 1 £j<n,). We have

* =lim sup w5, <lim sup «; < lim sup*x; = &* a.e.

i 1Sn3n; 1 820, sea’ i 828
Therefore
i* = inf = inf li
X 1 sup k7] 1 sup ¥ = llm sup x; a.e.
1 2%, seA’ d'ed’ 828’ 8'eh’ sea’

Similarly,

#* = liminf x; a.e.
seA’

(ii) By taking (8:', N) to be a cofinal subset, A’ is cofinal. (iii) Since for
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each ¢ we can linearly order §;, for 1=<n=<n,, A’ is a simple subsequence.
(iv) By taking (84, N) to be a cofinal subset and ordering &;,, for each 1,
1=n=mn; A’ is a cofinal simple subsequence.
The part (ii) of this lemma has been proved by Krickeberg [8, p. 334].
From Lemma 4.2, we have immediately:

COROLLARY 4.1. Let (x5, A) be a net of F-functions. If every countable subset
(x3, A’) converges (may have value + ) a.e., or if A is linearly ordered and every
simple subsequence converges a.e., then (xs, A) converges essentially. If A is
countable, linearly ordered and every cofinal simple subsequence converges a.e.,
then (x5, A) converges a.e.

The last part has been proved recently by Maharam [11].

LEMMA 4.3. Let (x5, §s, A) be a stochastic process satisfying the condition
Vo, or satisfying V, and, in addition, % and % are measurable. Then < z* and
i*<za.e.

Proof. By Lemma 4.1 there exists a sequence (8,, N) such that
#*=inf, supsz,, %s a.e. For any real ¢, let U= {#>c} and K;= {x;>¢}. Then
(K3, 6= 08,) is a fine covering of U for each n. By V,, or by V; if % is measura-
ble, there exist 8., =8,, k=1,2, - - -, such that g{ U—Uy, K;,,} =0. Hence
E[U— {suppes, 2:>¢}]=0, and then a[U—N;, {suplss, x>c}]=0. There-
fore G[U — {inf, supses, 25 = c}] = 0 and a[U — {#* = ¢}] = 0. Hence
alUe, ({:i:>r,.} - {x*gr,})]=0, where (r,, N) is the set of rational num-
bers. Therefore, for each real number ¢, {#>c}C{%*>c} a.., and then
Z=<%* a.e. Similarly, we can prove ¥*<% a.e.

THEOREM 4.2. Let (x5, Fs, A) be a martingale such that

(4.1) for every 80EA and every BE (Bn, N) where BoCFs,, u(Bn) < © and
Ur B.=W, every subset A'=(8,, N) of A with 60568, < - - -, and every
stopping variable s’ of (Fs, A’), we have [pucanxy < ®.

(4.2) If (55, Q) satisfies the condition V,, or satisfies Vi and, in addition,
X% and % are measurable, then 2=1% a.e.

(4.2)* If (s, A) satisfies the condition VT, then &*=&* a.e.

Proof. We will only give a proof of (4.2)*, which is applicable for (4.2)
also. Suppose, if possible, that there exist & and 8 such that u{&*>8>a> z*}
>0. For simplicity we may assume $=1 and a=0. Then there exists an {-set
U contained in some A€ (B,, N), such that UC {#*>1, 0>%*} and u(U)
=d>0. Let K;=A{x;>1}. Then (K;, §=8,) is an essential covering of the
set U. By the condition V7, for any €>0, we can find indices §; > 8, and dis-
joint, up to a null set, §s,-sets L;CK;,, =1, - - -, k, such that u{ U—Al} <e,
where 4;=U}.; L;. Choose 7E€A such that 7,=8;, i=1, 2, - - -, k, and let
ki =A1{x.; <0}. Then (K{, §=) is an essential fine covering of UA;. By
the condition V{ again, we can choose 8/ 2#; and disjoint, up to a null set,
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%y-sets L!CKY, i=1,---, ¥, such that p{UA,—A{} <e, where A{
—U,-l L!. Then 4/ CA1 Choose 7{ €A such that 9{ 28!, i=1, 2, B
Define s, and s; by:

sifw) =6 fwE€ L, 1SiZk, so(w) =68/ fwE LI, 1Si<F,
=nuifw€&€ d— 4, =npnifw& 4 — 4,
=§ifwE W — A. =q9/ifwE€ 4, — A{,
=§ifwEc W — A.

Then s, and s; are defined a.e., equivalent to sampling variables, and s; Ss; a.e.
Since (4.1) implies that x; is ¢-summable on §;, €A, and both s; and s,
have only finitely many values. By Theorem 3.5 (x, §7, =1, 2) is a martin-
gale. By (3.3), 1€ 1, and then [4x,,= [4,%.,. Therefore

k
f Xy _Z_f Xy, + E L7 =f Xy =f e = u(dy)) > d—ce
A-4"y A—A"y 1V {agmid’ ) A Ay

Hence, [4,—a'%y,>d—¢

Let Uy=UA{ and y;=xa-xs. Then (ys;, Fs, 620{) is a martingale and
satisfies the conditions (4.1) and (4 2) and U;C{3*>1, 5*<0} and )Z(Ul)
>d—e. Therefore there exist ;, 7/ €A, and sets A,, A7 such that 9 =9,
20 260, ADA{ DA, A{,A:EFw A{ EFy, and fA,-A',>d—e—€/2- By
induction, for each positive integer #, we can find 7., 74 €A, and sets A,, 4,
such that %) 27,294,200, ADA'_IDA 2A4), A.€Fy, and [a,-ar %y,
>d—e—e/2— - - - —e/2L,

Define a stopping variable s’ by s'(w) =9/ if w€A4,_,—A,] for n>1, and
s'(w)=m if w& A,. Then, if € is small enough,

+ +
[ sdesf  w-e
Als’€A) n Ap—A'y

which contradicts (4.1). Thus the proof is complete.
In [8], Krickeberg has proven that, if (x;, §s, A) is an integrable martin-
gale satisfying the condition Vg and

4.3) supfx}L < o,
s Jw

then £*=% a.e. By Theorem 3.7, (4.1) is implied by (4.3). In general, (4.1)
is not equivalent to (4.3). To see this, let W= (0, 1], §=the class of Lebesgue
measurable sets in W, and p=the Lebesgue measure on W. For nEN put
I,=(0, 1/24+1/2*], §.=®[L;, k2n], and a,=(n—1)2*/(2~1+1). Define
21=0 and x,(w)=%x,_1(w) for w& I, x.(w)=—2" for w€EIl,_1—1I,, and
%n(w) =an if wEI,, for n>1. Then (x., Fs, N) is a summable martingale
which satisfies (4.1) but not (4.3).
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COROLLARY 4.2. Let (x5, §s, A) be a martingale satisfying (4.1). If Vo is
satisfied by every countable subset (Fs, A") of (s, A) then %* = z* a.e. Therefore,
if A is linearly ordered, then &*=zx* a.e. If Vo is satisfied by (Fs, A), then
I=%=%*=zx% a.e.

This corollary follows immediately from (4.2) and Lemmas 4.2 and 4.3.

DEFINITION 4.2. A stochastic process (x;, s, A) is said to satisfy the con-
dition V; (or V3), if for €>0, 8EA, a, B reals, and any sets 4, B such that
A(4) < o, a5(B) < ©», A C {#> a} and B C {a’c <ﬁ} (or4 C {a’c* >a},
BC {a‘c* <B}), there exist 8;, 8/ €A, 8;= 8y, 6/ =), and disjoint, up to a null
set, §s;sets L;C{x,,.>a}, i=1, -+ -, k, and disjoint, up to a null set, §;-
sets L] C {x£,<B} ,j=1, - -, ¥, such thatii{A —Uf_ng} <e,ﬁ{B—U}.1Lj}
<e. If the above statement holds only for §-sets 4 and B, (x; & 4) is
said to satisfy the condition Vj.

LEMMA 4.4. If a stochastic process (x5, §s, A) satisfies the condition V,, or
the condition Vs and % and % are measurable then £* = % and %2 %* a.e. If, more-
over, A has a countable cofinal subset, then * =% and £=z* a.e.

Proof. The first part follows from the proof of Lemma 4.3. If A has a
countable cofinal subset, then [8] #* <% and £ %* a.e., and therefore, #*=2
and £=z%* a.e.

COROLLARY 4.3. Let (x5, §s A) be a martingale satisfying (4.1). If Vs is
satisfied, or if 'V is satisfied and % and % are measurable, then £=% a.e. If
V3 is satisfied, then £*=£% a.e.

COROLLARY 4.4. Let (x5, §s, A) be a semi-martingale satisfying (4.1). If
(x5, s, A) has the property Vs, or the property Vi and, in addition, % and % are
measurable, and if for any sampling variables s and s', which have only finitely
many values, and s<s', E(x,) SE(x,), then £=% a.e. Therefore, if A is counta-
ble, linearly ordered, and (x5, Fs, A) satisfies (4.1), then Z=% a.e.

From the definition of terminal separability and Corollary 4.3, we have

COROLLARY 4.5. Let (x5, Fs, A) be a terminally separable martingale satisfy-
ing (4.1) and V3. Then 2=% a.e.

Let T be a subset of the real numbers. Then every terminally separable
stochastic process (x:, §: T) satisfies the condition V; by Theorem 4.1. From
Corollary 3.3, Theorem 3.7, and Corollary 4.4, we obtain

COROLLARY 4.6. Let (x:, §:, T) be a terminally separable semi-martingale.
If supier E(x) < 0, then £=% a.e.

When g(W)< o and supier E(Ix.l )< o, which is equivalent to
supser E(x}) < o if inf,er tET and x: is summable for each ¢, Corollary 4.6
has proved by Doob [4; p. 354].
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If ({5, A) satisfies the condition V, or Vi, then V, or V; is respectively
satisfied by every stochastic process (xs, §s, A). The same relation holds if the
V’s are replaced by V*’s. Vzand V5 may not be satisfied even by a countable
martingale. Dieudonné [3] has an example which is a non-negative bounded
martingale in a finite measure space with countable A and u{#=%}>0.
Therefore, it does not have the property Vs nor V3 by Corollary 4.4.

THEOREM 4.3. Let (Xn, §n, < —1) be an integrable semi-martingale and
E(xt) <. Let VEN ., Fn and 0<u(V)< . Then liMp.q Xn="=%, exists
(may be infinite) a.e. in V.

Proof. Let the restriction of §, u, x, and §» to V be §', u’/, x/ and §.
respectively. Then (x, §a, #< —1) is a semi-martingale defined in a finite
measure space (V, §’, u’). Thus [10, p. 397] limp.,, X, =%, exists a.e. in V.

The condition E(x¥;) < © cannot be dropped from Theorem 4.3. For
example, let W = (0, 1], u = the Lebesgue measure, and § = F
=®[(0, 1/k], k21], F_a=®[(0, 1/k], k=n]. Define x_1= o, x_p= o if
wE (0, 1/n], and =14(—1)" if w€(1/n, 1]. Then (xa, Fn, n<—1) is an
integrable semi-martingale, but £=2 and #=0 a.e., where £=1im sups._« %a
and Z=1im inf,._e X5.

COROLLARY 4.8. (i) Let (xn, §ny, # = — 1) be a semi-martingale and
sup E(|xa|) < 0. Then limn._, Xn=%. exists a.e. and E(|x.|) <. (i) If
it is a martingale and E(| x_1|) < o, then lim x, = xexists a.e. and E(| x,|) < ».

Proof. For (i), let @ and B be two arbitrary real numbers and
V={z>a>p>%}. If >0, by (3.18) u(V)<wx, and if <0, by (3.20)
u(V) < o. Therefore, u(V)=0 by Theorem 4.3. Thus x. exists a.e. and
E(I xwl ) < o follows from Fatou’s theorem. (ii) follows from (i) immediately,
since (| x,.] , §n» n< —1) is a semi-martingale which satisfies the condition of
@).

Another proof of Corollary 4.8 has been given recently by Jerison [7].

The condition sup E(| x,.| )< = of (i) cannot be replaced by E(I x,.l )<
foreach n < —1. For example, let W= [0, ©), u=the Lebesgue measure on W,
and §_.=a&[[0, k), 2=n] and F=F_1. Define x_n(w)=0 if w>2"1, and
=—1—[14(=1)"1]/2 if 0Sw=2"1 Then (xn, §s n<—1) is a semi-
martingale with E( | x,.l )<  for each < —1, but lim supp.—, ¥»=—1 and
liminf x,= —2 a.e.

The condition E(I x_1| )< o of (ii) cannot be replaced by x. =0 for each
n< —1. For example, let W, §a and u be the same as before, and define
x_1(w)=—2 for 0Sw=1, x4(w) =0 for 22" <w < 2%+, and x_y(w)= —3 for
2 w22, =0, 1, 2,---. Define x_.(w)=—1—-1—(—1)/2 for
w=2"1 and x_n(w) =%_npa(w) for w>2%1, n=2,3,4, - .. Then x,=0 and
(%n, §ny #< —1) is a martingale, but = —1 and £= —2 a.e. In [7], we can
also find another example for the latter.
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THEOREM 4.4. Let (x,, Fn, N) be a semi-martingale such that for each n€N,

(4.4) §n is generated by disjoint atoms I}, i=1,2, - - -, of finite measure
and inf [u(I3Y) /u(I}): 4, §, n, V' CIT]=d>0. If for a given 1>€>0, there
exist an F-set VC {lim inf x, <K } and an §,-atom U such that

(4.5) p(UV)> 1 —e€)u(U), and for each n,

(4.6) x.(w) SO whenever w& UV, then

4.7) fux,<K(1—¢/d)u(U) for K<0 and [vx, <Ku(U) for K 20.

Proof. By Theorem 4.1, (§., N) have the property V,. Therefore, there
exist disjoint §n,-atoms I, j=1,2,---,s, r<m=mn,< - - - =n,, such that
LCU, I;V#g&, and

4.8) I ( U I,-) > (1 —eulU) and zx.,(w) <K for w& I,
=1
Let %= (I;, 15j<s), Yo=(E: E is an Fr-atom, r<k=<n, ECU, EV#(,
and E'(Uj., I,) = for some Frpi-atom E'CE), and A3 =AUA: then

(4.9) U = U(E: EE %y).

Suppose, if possible, that it is false. There would exist an a,-atom
E.CU-U(E: EE¥;), and then E,V=. Let E;DE; be an §.,1-atom, then
E, V=g and E;(U} I;)=(, since E;V ¢ implies E,€¥; and E,(UI,) w&
implies E, contains some I; or vice versa. By induction we could find §n,—1-
atoms E;, 1=1, 2, - - -, m,—r, such that E;V# & for-each ¢. Now E,,_,EF:,
and then E,.,,= U, but we have E,,_,= . Therefore, UV =, which con-
tradicts (4.5). Thus (4.9) holds.

Since each As-set is an {;-atom for some r i =n,, one of any two non-
disjoint U;s-sets is always contained in the other. Hence, we can replace ¥; by
ACA; which also covers U and consists of disjoint sets only. Let U; be the
union of the YA-sets which are also ;-sets, and let U;= U— U,. Then U, is the
union of finitely many disjoint ¥s-sets, say C;, =1, 2, - - -, k, where C; is
an §j,-atom and r <j;<j:;;1=m,. Since x, is o-integrable on each §n, xa is
integrable in every union of finitely many atoms I}, where #’ and jEN.

Hence
fxréth:fxil"' X éf %, + s
U U C, U-C, C; U-C;

§f % + Xjs + Xig == E %, + L.
C1 Cs U—(C1UCy) C; Uy

Since in each C; there is always an $j,1-atom C! such that C! CC;,
C!CU-VU: I;, and u(C!) Zdu(C;), we have

4.10) w(U —Uy) = u (l? c.-) < p(U _ l;l I,~>/d < ew(U)/d.
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Now C;V# & and C; is an §;-atom. By (4.6) we have [¢x;;<0, for i=1, 2,
- -+, k, and by (4.8) [u,xn, <Ku(U1). Thus [vx, <Ku(Uy) <K(1—e/d)u(U).

THEOREM 4.5. Let (xa, §n, N) be a semi-martingale satisfying (4.4). Then

T=Z%=1x, exists a.e. in {Z< = }. If, moreover, x,> — @ a.e., x,, 1s finite a.e. in
{a?;< ] }

Proof. Suppose, if possible, that
(4.11) V={8<&< o} and u¥’)>0.

Take M large enough such that u { F<EI<M } >0. By replacing x, by x,— M,
we can assume that M <0. Then there exist numbers 0>8>a and positive
integer k such that u{Z>8>a>%; x, <0 for n =k} >0. We may assume that
k=1. Since §: is o-finite, there exists an {-set V such that

(4.12) VC{g>B>a> %2 <0fornEN}, 0<ulV)< =,
and VE®[Unen §n). For given 1>¢>0, take U’'EF, for some 7’ such that
p(U" = V) +puV—-0U) < e(V),

and then p(U'V)> (1 —€eu(U’). Let A,= U'{x,.>ﬂx,.<0}. Then (4., n=r')
is a fine covering of U’V. By the Vitali condition V,, there exist disjoint
n-sets BaCAn n=1, 2, - - -, such that u(U’'V—U,>, B,) =0. Therefore

22 w(BaV) = w(U'V) > (1 — &) X u(B).
ne=l ne=1
Hence, we can choose 727’ such that
U(BrV) > (1 - 6)#(B,).
Therefore there exists an §,-atom UC B, such that
(4.13) p(UV)> (A — u(U) and =x.(w) >BifwE U.

By Theorem 4.4 we have [ux, <a(1—e/d)u(U), and from (4.13), fvx,>Bu(U).
Thus we have g <a(1—e/d), since u(U) >0. When e is small enough, we get
a contradiction. Hence, x., exists a.e. in {#<  }. The second part follows
from the following theorem.

THEOREM 4.6. Let (xn, §n, N) be a semi-martingale satisfving (4.4). Then
limsup xa=%>— o a.e., if 1> — © a.e.

Proof. To prove this, let us suppose, if possible, that
V'={%=—w} and u(¥’)>0.
As before, we can suppose that there exists an §-set
VC{g=—o;2,<0forn € N} and o > u(V) >0,
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and there exists an §,-set U’ such that
w(U'V) > 1 — eu(U), for a given 1 > ¢ > 0.

Clearly there is an §,-atom UCU’ such that u(UV)>(1—¢€)uU. Since
VC{a'c<K} for every real number K <0, by Theorem 4.4, we have [yx,
< Ku(U) for every real number K <0. Hence, [yx,= — «, which contradicts
the fact that x;> — « a.e. Thus the proof is complete.

5. Applications to derivatives. In this section we are going to show that the
classical Lebesgue differentiation theorem of additive functions of bounded
variation in a Euclidean space follows from the martingale convergence theo-
rem 4.2. For one dimensional case, it has been given by Doob [4, p. 346].

Let W be a p-dimensional Euclidean space, u the Lebesgue measure in W,
and § the class of Lebesgue measurable sets. A partition 8§ is a countable
family of disjoint, bounded intervals I§, k=1, 2, 3, - - -, which are of the
form (o< <Py, - - -, a,<w,=B,), such that UpL, I}=W. A will be the
family of all partitions 6 and the order “5 <d’” of A is defined to mean &’ is
a refinement of 6 and every 8-interval is the union of finitely many &8’-inter-
vals. For each €A, F; will be the o-algebra of sets generated by I?’s. A, will
be understood to be the subset of A consisting of all the partitions & such that
every d-interval I® has parameters of regularity [13, p. 106] r(I?) 2Za>0.

We need the following lemmas, which are respectively due to Helms'[6]
and Krickeberg [8].

LeMMA 5.1. If (x5, §r, A) 2s a closed summable martingale in a finite measure
space, then it is uniformly integrable and (x\, A) converges in mean of order 1.

LEMMA 5.2. For every stochastic process (x», A), we have

5.1) f-liminf* | | §liminff | |
A A A A

for every §-set A.

LEMMA 5.3. Let AJ be a subdirected set of A,, and let a set A be contained in
an Fs-interval I, 60EAS . If (Ks,Ad) is a fine covering of A and Useara KsCI,
then there exist disjoint sets (Ks,, N) such that 6,€Ad and g(A —Up-, K;,) =0.

Proof. The proof of this lemma follows closely that of Vitali’s Covering
Theorem [13, pp. 109-110]. Choose E;=Kj, for an arbitrary & =38, and
when the first # disjoint sets Ey=Kj,, - - -, E,=Kj;, have been defined, we
denote €, the supremum of the diameters of all the sets Kj;, 8 =8y, which are
disjoint from U}., E;, and by E.;; any one of these sets with diameter exceed-
ing €,/2. Since A, is a directed set, such a set must exist, unless E,, - - - , E,
cover the set 4, in which case we have the proof already. We may, therefore,
suppose that this induction can be continued indefinitely.

To show that g(4 —U;~; E.) =0, let us write B=A4 —U;>.; E, and suppose,
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if possible, that u(B) >0. For eath E,, take a cube J, such that E,CJ, and
w(E,) Zap(J,). Let Ji denote the cube with the same center J, and with
diameter (4p+1)d(J,), where d(J) is the diameter of the set J. Now

6.2 f:ln(fb = (4p+ 1) iln(m < (4p + 7ot Z, w(E>)

< (49 + 12 u(l) < .

Therefore, we can find 7o&€ N such that Y aza, u(J%) <u(B). It follows that
there exists x&€B—Uqszs, Ja. Take a partition 8’28y, 8’ EAJ, such that
E;, k=1, 2, - - -, mo are §'-intervals. Since xEU;,s- K3, there exists 8’/ =6/,
8''€AJ, such that xE K, EFyr, and Kyrr(Upar Ex) = &, for the partition 8’
is a refinement of 8’. Hence Ki(Ursn, Ex) # & ; for, otherwise, we should
have, for each nEN, 0<d(K;+) S €a =2d(Ent1) £2d(Jnta) and this is clearly
impossible since d(J,)—0.

Let n; be the smallest # for which K;-E,> &. Then on the one hand,
Ky Ey=,for n=1,2, - - -, my—1, so that

(5.3) d(Ks) S eni;

and on the other hand, n:>n,, which implies, by definition of x, that x does
not belong to J3,. Thus, we find that there are both some points outside J5,
and some points belonging to E.,CJa, which are contained in Kj.-. There-
fore,

d(Ks) Z 2d(Js,) 2 2d(En) > €1y
in contradiction to (5.3). Thus, #(B) =0, and the proof is complete.

THEOREM 5.1. (s, Ad ) satisfies the Vitali condition V., for every subdirected
set AJ of A..

Proof. Let (K;, AJ) be a fine covering of a set 4, g(4) < «, and €>0.
Let 8,€EA. . Then there exists a bounded {;,-set I such that

(5.4) BA = 1) < ¢/2.

Then (IK;; 6= 60, 6EA.) is a fine covering of the set TA. By Lemma 5.3,
there exists a disjoint sequence /K, such that 8,28, 8.EAs and

(5.5) ﬁ(IA - U IKa,,) = 0.
n=1
Since B(U2; AIK;) = > oy B(AIK;,) [5, p. 46], there exists EE N such that
(5.6) > A(AIK;) < ¢/2.
n>k
Let L.‘=IK3‘., 1=1,2, -,k then L.‘CK;.-, L.‘GFa‘, L's are disjoint, and

(4 —Uf, L) <e. The proof is complete.
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THEOREM 5.2. Let (x;5, §s, Aa) be a martingale such that, for every do-interval
A and every subset A’ = (8., N) of A, with ;586,58 < - - -,

5.7 supf |x;| < o,
A

deAr
Then limsea, %5 =%(c) exists (may be + ) a.e. and

ZTo(a) = lim* x; a.e.
5€8q
Proof. The existence of x.(a) follows from Theorems 3.7, 4.2, and 5.1.
By Corollary 4.2, x,(a) =limjes % a.e.
Let f be a real valued, finitely additive interval function of bounded varia-
tion in W (cf. [13, p. 61]). For 8€A, define

(5.8) o) = f(I))/u(}) for w € I, E=1,2--.

Then (x;, §3,4) is a o-summable martingale and sups;s,, sea f.4| xal =K(4)<
for every fixed dp-interval A. Therefore, for each a>0, limsea, %s=%(c)
exists a.e. and x,(a) =limje,_ %; a.e. By Lemma 5.2,

(5.9) fAI ro(a)| £ K(4) < .

DEFINITION 5.1. Given an interval function f, we call the ordinary upper
(or lower) Dini derivate of f at w, denoted by Df(w) (or Df(w)), the supremum
(or infimum) of the number 2 such that there exists a regular sequence of inter-
vals I containing w as the northeastern vertex and tending to w such that
lima.o f(I%) /u(I¥) = 2. 1If Df(w)=D(w), the common value will be denoted
by Df(w). If, further, Df(w) is finite, f is said to be derivable in the ordinary
Dini’s sense at w (northeastern).

THEOREM 5.3 (LEBESGUE). If f is a real valued, finitely additive interval
function of bounded variation, then its ordinary derivative f' exists a.e. and f' is
summable in any bounded interval.

Proof. Let D.f(w)=Llim sup f(I*)/u(I®) and D.f(w)=1im inf f(I%)/u(I%),
where 8€A,, I® is a §-interval and w is the southeastern vertex of I°. Let us
suppose, if possible, that g{Df> Df} >0. Then there exists >0 such that
i{ Dgf> Dgf} >0, since
(5.10) D.f 1 Df and D.f | Df ae.

Clearly we have

lim sup x; = Dgf = Dgf = lim inf x; a.e.
aeA, sedy
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Since limsea, %s exists a.e., #{ Dgf > Dgf} =0 and then Df=Df a.e. By (5.9)
again,
(5.11) Df = D,f = lim x; for every a > 0.

$€Aa
Similarly (5.10) holds for the other 22—1 Dini derivatives. Therefore,
(5.12) f = lim z; = x,(a) a.e. for every a > 0,

sea,

and by (5.9) fu|f'| < = for any bounded interval 4.
Now let x be a o-summable point function on every §; and for each parti-
tion 9, define

s 3
iy =[5 Ly B=1,2,-
H
Then f is an additive interval function of bounded variation, and (xs, s, A)
is a martingale, closed by x on the right. By Theorem 5.3, f’ exists a.e. and is
summable on every bounded interval. By Lemma 5.1, for every bounded

interval 4,
ff’ = lim | = .=fx.
4 3€de V A A

Therefore, f'=x a.e. Thus we have

THEOREM 5.4. An indefinite integral of a o-summable function x on every §s
is differentiable in the ordinary sense a.e., and its ordinary derivative is equal to
x a.e.

6. Regular martingale. In the following sections, R will be a subset of the
rational numbers, and we will restrict ourselves to the discussion of the semi-
martingales (x,, ., R) only.

DEFINITION 6.1. A semi-martingale (x,, ., R) is said to be regular, if for
every sampling process (s», A), (x¥, A) is a semi-martingale; to be quasi-
regular, if for every sampling variable s, x* is g-integrable and E(x*l )]
=x, a.e. in {sgr}. A regular semi-martingale (x,, §., R) is said to be sum-
mable, if (x¥, A) is summable for every sampling process (s\, A). If both
(xr, &+ R) and (—x,, §. R) are regular, quasi-regular, or summable regular
semi-martingales, then (x,, §. R) is said to be a regular, quasi-regular, or
summable regular martingale respectively.

There are martingales which are regular semi-martingales, but not regular
martingales. For example, let W= (0, 1], u=the Lebesgue measure on W,
and §=the class of Lebesgue measurable sets. For each &N, define x.(w)
= —27for wE (0, 2~*] and =0 otherwise; and let §.=®[(0, 27*], k<#n]. Then
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(%4, $ny N) is a martingale, which is a regular semi-martingale by Theorem
3.3. Define a sampling variable s by s(w)=n for w&€ (0, 2—+]—(0, 2-*],
n=1,2, - - -.Then x,=0. Since s=1 and E(x,) =0> E(x1), (%, Fn, N) is not
a regular martingale.

The quasi-regularity defined above has been called “regularity” by Snell
[14]. In the following we will prove the quasi-regularity is equivalent to the
regularity. Thus the regularity defined above is essentially the same as Snell’s.

THEOREM 6.1. Let (x,, r, R) be a semi-martingale. Then it is quasi-regular
if, and only if, for sampling variable s of (§r, R), (xF = %mine.r)» Frr R) 15 a closed
semi-martingale by adding x* =x, as the last element.

Proof. Let (x¥, ., R) be a closed semi-martingale; then E(x*l F)zx¥ae.
Hence, x(,z,;E(x*| Br) Z Xlezri®r = X(szr)¥mine.) =%, a.e. It follows that
(xy, §r, R) is quasi-regular. To prove the converse, let f=xX{(.<r. For 7' >r. we
have

(6.1) fEG@n| §) = E(frr | §) = E(5|$) = f2r ae.

Since min(s, 7') is a sampling variable of (§,, R), by the quasi-regularity, we
get

(6.2) (1 = NE@|§) = (1= N5 = (1 = N ae.

Adding (6.1) and (6.2), we have E(x}|.)=xF a.e. Therefore, (x¥, §., R) is
a semi-martingale. Now

fE@ | §) = E(fx" | §) = E(fxr| §) = fa. ace.
and

A —-HEE|§) 2 (A —fa.= (1 -z ae.

Hence, E(x*| §,) =xF a.e., and the proof is complete.
When R= N*, we have the slightly better result as follows,

THEOREM 6.2. Let (xu, Tn, N*) be a semi-martingale, and s be a sampling
variable of (Fn, N*). Then E(x.l%n);x,. a.e. in {sgn}, if, and only if,
(x¥, Fn» N*) is a closed semi-martingale by adding x* as the last element.

Proof. The “if” part follows immediately from the previous proof. To
prove the “only if” part, we need to check the g-integrability of the x}'s
and to find something to replace (6.2). For #n’ <z, let VE§, such that both
x, and x, are integrable in V. (a) If [yx} <o, [yant=[vieni + [viecniy
<Jfvxf <o, for the fact that E(x,|§a) =%, ae. in {s=n} implies that
E(x}|§a) 2} ae. in {s=n}, by Corollary 3.2. (b) If
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fx,:"<°°, fx,.*+=f x,;"f x.'"gf w4+ x;t
14 1 Viszn) V{s<n} V{ezn} i<n v V{smj}
s f ad+ 2 at
Viezn}

i<n ¥ V{amj}
= f Tt < o,
14

(c) If both fyx] < and fyx; < «, then

fx,.*‘=f zn + x.‘éfx:+fx.‘<°°.
14 Viszn} Vi{a<n} v 4

Hence, x) is o-integrable on every .., n’ <n. Therefore, x¥ is o-integrable
on every §., n' EN*. To replace (6.2), let f' =X{smn}, and f’’ =x(s>n}. Then

(f' + ) E@n1| §o) = E(f'%n + f'%nrs| To) 2 f%0 + f'%
= (f +f”)x: a.e.

Thus E(xy;,| §a) 2%} a.e., since fE(x}p,,| §») =fx¥ a.e. as proved in (6.1) be-
fore. '

(6.2)’

THEOREM 6.3. A semi-martingale (x., §., R) is quasi-regular, if, and only
if it is regular.

Proof. Let (x,, §r, R) be a semi-martingale and s be a sampling variable
of (Fr, R). For r <r’ define S,=r, and define s, =max(s, r'). Let R'=(t: tER
and t<r’, or t= ), and f=xX{,zr}. Then (s,, R) is a sampling process of
&+ R). If (x,, §r R) is regular,

FEG&"| §) = E(f5 | §0) = E(fz.| §v) = E(fou| &)
= [E(z| §) = fAv = f2 ace.

Therefore (x,, §r, R) is quasi-regular. To prove the converse, let (x,, §., R)
be quasi-regular and (s), A) be a sampling process of (§, R). It suffices to prove
that, for an §¥-set V, in which x¥ is integrable, and A <\’ we have

©6.3) fxf gfx;.
\ 4 \’4

If U=V{sn=r}, UEG, by Corollary 3.1. Hence [ux}= [vE(x}F") = [vx,
= fyxx. Therefore, (6.3) is true. Hence, (x¥, §¥, A) is a semi-martingale.

COROLLARY 6.1. If (x,, §r, R) is a regular semi-martingale, then (x¥, Fr, A)
is a semi-martingale for every sampling process (sx, A) of (r, R).



1960] MARTINGALES IN A o-FINITE MEASURE SPACE 281

Proof. Let (x,, §» R) be a regular semi-martingale; then it is quasi-
regular, by Theorem 6.3. Therefore, by the last line of the previous proof, we
have that (x¥, §¥, A) is a semi-martingale.

THEOREM 6.4. Let (x,, Fr, R) be a semi-martingale such that

(6.4) lim sup f 2 < o and lim inf xt =0,
{a>r)

r r {a>r}

for every sampling variable s. (i) If E(x}) < » for each rER, then (x,, Fr, R)
is regular and E(x}) < for every s. (ii) If R= N and E(x;) < » for each nEN,
then (xn, §n, N) is regular and E(x;) < «. Conversely, let (x,, §r, R) be a regular
semi-martingale and E(x}) <  for every sampling variable s, then

(6.5) lim 2t = 0.
r {s>r}

Proof. If (6.4) is satisfied and E(x;}') < « for each r, then E(x}) < » for
every sampling variable s of ({,, R) by Lemma 3.1, and (x,, &, R) is regular
by Theorem 3.3. If R=N, E(x}) < « for each nEN, and (6.4) is satisfied,
then E(x;) < » for every sampling variable s of (., N) by Lemma 3.2, and
(%n, §n, N) is regular by Theorem 3.3 again. To prove the last part, let s be
a sampling variable of (§, R). Then E(x}| §,) 2} a.e. in {s=r} by Theorem
6.3. Therefore

lim 2t < lim xt=0.
r {e>1) r Y (>r)

7. Set functions. Let & be an algebra of §-sets and M(®) be the class of
all real-valued, bounded, finitely additive set functions on ®. The subset of
M(®) consisting of non-negative functions will be denoted by M*(®). A set
function f& M*(@®) is said to be purely finitely additive, if zero is the only
countably additive, bounded set function g such that 0=<g=<f. A set function
FE M(Q) is said to be purely finitely additive, if both its positive part f+ and
negative part f~ are purely finitely additive, where

fH(V) = sup{f(U): UC V, U €@} for VE® and f~ = (=)*.

Yosida and Hewitt [15] proved that, for every f& M(®), there exists a
unique decomposition

(7.1) f=rhts

where f, is purely finitely additive and f. is countably additive. If @ is a
g-algebra, then f, can be further uniquely written as

(7.2) fe=1i+ fa
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where f, and f, are respectively the singular and absolutely continuous parts
(relative to u) of f.

Let $:C®;C®:C - - - be a sequence of g-algebras of -sets, and & be
the smallest g-algebra containing U;>.; ®,. For f€ M(U,~.; ®,), the restriction
of f to @, is denoted by f.. We also denote the purely finitely additive, the
singular, and the absolutely continuous parts of f, respectively by fap, fas, and
fna. If f, and J, are the singular and the absolutely continuous parts of the ex-
tension of f, to ®, the restrictions of f, and J, to Uy, ®, are respectively de-
noted by f, and f,: Let x and x, be the Radon-Nikodym derivatives of f, and
faa. Andersen and Jessen [1] proved that lim x,=x a.e., if f,=0. Theorem 7.1
will extend their theorem to the general case.

LeEMMA 7.1. Let fE M*+*(Uj., ®,) and f=f,. Then lim x,=0 a.e.

Proof. Clearly, (—x, ®., N) is a semi-martingale and E(x,) Sf(W). By
Corollary 4.3, lim x,=x, exists a.e. Let V€U ©.. Smce f,(V) =f(V)_

finite additivity, fyx,,—O for every VEU,., @,. Since @=®U,~, ®,) and
X is @-measurable, x,=0 a.e.

THEOREM 7.1. Let fEM(Up.; @,). Then lim x,=x a.e.

Proof. We may assume that f& M+(U,~; ®,). Let f' =f, and x. and x.. be
respectively the Radon-Nikodym derivatives of the absolutely continuous
parts of the restrictions of f’ and f, to ®,. Then x,/ =x,— %, and lim x,, =0 by
Lemma 7.1, since f’ is purely finitely additive. By Andersen and Jessen’s
theorem, lim x.,=x a.e. Therefore lim x,=x a.e.

Let (xn, §n N) by a semi-martingale and supa E(| x,,l ) < . Define

(7.3) f(V) = lim f %, for V E G Tn.
n v 1

Then fE MUY ).

THEOREM 7.2. If (Xn, §n, N) s @ martingale and supa E(lx,.|)< © then f
is completely additive if, and only if, (xa, Tn, N) is regular.

Proof. Let (x,, §», N) be regular and V, be a sequence of disjoint sets
such that

0

Va € Fny UV, =V E §n, for some #,.

1

Define a sampling variable s by

ﬂo
{s=n} =V.forn<m and {s=mn}=W-V)UUV.
1

Then for N>n,
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N 0
1) = £ = %.) = [ v, Som S

Therefore
N

V) = 22 f(Va)

1

lim < lim | x| =0,
N N {(s>N)

by Theorems 6.2 and 3.7. To prove the converse, let f be completely additive
and s a sampling variable. For fixed #, put

V={E@®|$) <#s=nl and Vi=V-{s=k} forkzn.

Then VEF., Vi€EFe and V=U; V.. Therefore D . f(Vi)=F(V)=[vxa
%fvx.=z:fv,xk=2:f(vk)-

fmmf

u(V) = 0.

Similarly, we can prove that u{E(x.I §n) >%a, s2n} =0. Thus (., Fn,N) is
quasi-regular. By Theorem 6.3 (x,, §a, N) is regular.

THEOREM 7.3. Suppose that (xn, Fn,N) be a semi-martingale and that
SUp» E(Ix,,] ) < . If f is completely additive, then (xn, §n, N) is regular. Con-
versely, if (Xn, §n, N) is regular and if

Hence

(7.4) lim =0
n {s>n)

for every sampling variable s, then f is completely additive.

Proof. Put x,/ =x,— 1 d; where d;=0 and d,~=E(x;| Ti-1) —xj1 for j>1.
Then d;20 and (x/, §», N) is a summable martingale [4, p. 297]. Hence

E(x)) = E(x{) = E(xy),
that is,

E(xz,) = E(x)) + X E(d)).
1
Therefore
> E(d;) < » and supE(|x,,’|) < o,
1 n

For V€U §a, put
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fw = limfx,,’ and g(V) = Iimf > d;.
n 14 n vV 1

Then g is completely additive. Suppose that f be completely additive, then f’
is completely additive. By Theorem 7.2, (%, §», V) is a regular martingale.
Hence (%, FaNN) is a regular semi-martingale. Conversely, let (xa, §a, N)
be regular and s be a sampling variable. Then

lim xat < lim =0,
n {s>n} " (s>n)

lim x,{'élim(f x;+2d,->=0.
n {s>n} n {e>n) 1

Therefore [4, p. 302] (x, $», N) is a regular martingale. By Theorem 7.2,
f' is completely additive. Therefore f is completely additive.

The condition (7.4) is necessary in the following sense: there exist regular
semi-martingales (x», §s, V) such that sup, E([ x,,l) < «, but f are not com-
pletely additive. In fact, the example in §6 is one of them.

In concluding this section, let W be space of all real-valued sequences,
(xs, N) the sequence of coordinate variables, and §.=®(x1, - * -, ). Then
Moy [12], see also [10, p. 94] proves that if (., §», 1) is a martingale then
the necessary and sufficient condition for f to be completely additive is
sup, E([ x,.l ) < . Thus by Theorem 7.2 we have:

THEOREM 7.4. Suppose that (x., N) be the sequence of coordinate variables of
the space W of all real-valued sequences, Fn=®(x1, * + + , Xn), and (X, Fn, N)
be a martingale. If sup, E(I xnl Y< w0, then (xn, FalN) is regular.
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